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Let GA be the group of orientation preserving afRne transformations of the real 
line. The main theme of this paper is a classification of locally free actions of 
I GA on closed three-dimensional manifolds In 1979, Ghys [9] showed that any 

• volume-preserving action is smoothly conjugate to a homogeneous one. Exis- 

tence or non-existence of non-homogeneous actions was open for thirty years. In 
this paper, we give a complete classification of actions up to smooth conjugacy. 

a As a corollary, there exists a non-homogeneous one. 
Let G be a Lie group and M a C°° manifold. We say a C°° right action 
^1 p : M X G-^M is locally free if the isotropy subgroup {g £ G | p{p,g) — p} is 

r'"! ■ discrete in G for any p G M. By Op{p), we denote the orbit {p{p,g) \ g € G} oi 

rS I p G M. When the action p is locally free, the decomposition Op — {Op{p) \ p G 

■ M} of M is a G°° fohation. 

We say two right actions pi and p2 of a Lie group G on manifolds Mi and M2 
are G°° conjugate if there exist an isomorphism of G and a G°° diffeomorphism 
H from Ml to M2 such that 

H{pi{p,g)) = p2{H{p),a{g)) 

for any g G G and p € Mi . The map H is called a G°° conjugacy between pi 
and p2- We also say pi and p2 are C°° orbit equivalent if there exists a G°° 
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difFeomorphism H from Mi to M2 such that 
for any p £ Mi . 

There are two classical examples of locally free actions of GA on closed 
three-dimensional manifolds. Let PSL(2,]R) be the universal covering group of 
the group PSL(2,R) of projective transformations of the real projective line 
KP^. It contains a closed subgroup H which is isomorphic to GA, e.g., the 
group of lower triangle elements. Fix an isomorphism i : GA— >/i\^For each 
cocompact lattice F, we define a locally free action pi of GA on F\PSL(2, M) by 
Pi{Tg, h) — V{g ■ i{h)). The same construction gives another locally free action 
P2 when we start with a three-dimensional solvable subgroup 

Solv — {ht,x,y '■ {u, v) t— » (e^*u + X, e*u + y) \ t, x,y M.} 

of the group of affine transformations of R^. In this case, GA can be identified 
with the subgroup {/it,o,j/ \t,x G M}. We call an action of GA homogeneous if 
it is C°° conjugate to one of the above actions. 

As mentioned at the beginning, Ghys showed the rigidity of volume-preserving 
actions in his doctoral thesis [S] . 

Theorem 1.1 ([H])- If aC°° locally free action o/GA on a closed and connected 
three-dimensional manifold admits a continuous invariant volume, then it is 
homogeneous. 

The following problem is quite natural, but was open for thirty years. 

Problem 1.2. Remove the assumption on an invariant volume, or construct a 
C°° locally free action of GA on a closed three-dimensional manifold which is 
not homogeneous. 

See |U p. 2]. A related problem was also mentioned in p. 1841]. 

There are several generalizations of Theorem ll.ll to codimension-one volume- 
preserving actions of higher-dimensional solvable groups ([3], [1], [5], [57], and 
|28j). Recently, Belliart [5] announced that the assumption on an invariant 
volume is unnecessary for a large class of higher-dimensional solvable groups. 
However, his result does not cover actions of GA. 

The group GA is generated by one-parameter subgroups {X*}fgR and {[/^}j,gR 
of GA which satisfy 

C/^X* :=X*C/(°^P*)-^. (1) 

For a right action p of GA on a manifold M, let $p = be the fiow 

defined by the p-action of {X*}fgR on M, i.e., <i>p(p) = p{p,X*). Ghys showed 
that the Jacobian det is controlled by a closed one-form. 

Theorem 1.3 ( [111 Chapter IV]). Let M he a three-dimensional closed Rie- 
mannian manifold and p : M x GA^Af a C°° locally free action. Then, there 
exists a closed one-form lj on M such that 

{<i>l)*uj -uj ^d{\ogAetD^l) . (2) 
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for any t G K. 

As a corollary, he obtained a partial answer to Problem 1 1.21 

Corollary 1.4 Any C°° locally free action of GA on a rational homology 

sphere preserves a continuous volume. In particular, it is a homogeneous action. 

The author of this paper also showed the rigidity of the orbit foliation. 

Theorem 1.5 ( 1 ). Let p be a C°° locally free action of GA on a three- 
dimensional, closed, and connected manifold M . Then, $p is an Anosov flow 
and^^ is C°° orbit equivalent to a homogeneous action. In particular, M = 
r\PSL(2,R) or T\Solv with a cocompact lattice T. 

The above results and the classification of Anosov flows on solvable mani- 
folds due to Plante '^I^ give the answer to Problem 11.21 for the case that the 
fundamental group of AI is solvable. 

Theorem 1.6 (Ghys). LetT be a cocompact lattice of Solv. Then, any C°° lo- 
cally free action of GA on T\Solv preserves a continuous volume. In particular, 
it is a homogeneous action. 

We will give the proof in Appendix since it has not been published. 

The only unsolved case is that the underlying manifold is r\PSL(2,R) with 
a cocompact lattice F and it is not a rational homology sphere. The main goal 
of this paper is to give a complete classification of C°° locally free actions of GA 
in this case. As a consequence, we will see the existence of non-homogeneous 
actions. 

For a cocompact lattice F of PSL(2, R), we denote the quotient space F\PSL(2, R) 
by Mr. It admits a natural homogeneous action pr (see Section [5TT|) . Let .Ar 
be the set of C°° locally free actions p of GA on Mr such that Op = Op^ . As 
Theorem II. 51 any C°° locally free action of GA on a three-dimensional, closed, 
and connected manifold with the non-solvable fundamental^roup is C°° conju- 
gate to an action in Ar for some cocompact lattice F of PSL(2,R). Therefore, 
it is sufficient to classify actions in Ar up to C°° conjugacy. 

As we will show in Proposition l3.71 the one-form lo in Theorem ll.3l is uniquely 
determined for each action in Ar. Hence, the equation ^ defines a map a from 
Ar to the first de Rham cohomology group ff^(Mr,R). The first theorem 
asserts that the map a parametrizes C°° conjugacy classes of Ar- 

Theorem A. Two actions pi and p2 in Ar is C°° conjugate via a diffeomor- 
phism isotopic to the identity if and only if a{pi) = a(p2)- 

The second theorem describes the image of a. Recall that the hyperbolic 
plane admits a natural isometric action of PSL(2,R). We define the trans- 
lation length L{P) of P G PSL(2,R) by 

L{P) = M dM2{z,Pz), 
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where d^^ is the distance induced by the hyperbohc metric. We identify the 
lattice r with the fundamental group of Mr- Then, the evaluation 0(7) is well- 
defined for a cohomology class a in iJ^(Mr,K) and 7 e F. For a cocompact 
lattice F of PSL(2,R), let Ar be the set of cohomology classes a in H^{Mr,M.) 
that satisfy 



As we will see in Corollary 13. 12( it is a non-empty, open, and convex subset of 
Theorem B. 



for any cocompact lattice F o/PSL(2,R). The following theorem completes the 
classification of actions in At up to C°° conjugacy. 

The third theorem is concerned with real analytic realization of non- homogeneous 



Theorem C. Any action in Ar is C°° conjugate to a action. 

Corollary. // My is not a rational homology sphere, then it admits a locally 
free action of GA which is not homogeneous. 

Recall that the flow <i>p is Anosov by Theorem ll.51 The last theorem shows 
that the smoothness of the weak stable foliation of <l>p characterizes homoge- 
neous actions. 

Theorem D. Let T be a cocompact lattice o/PSL(2,R) and p an action in Ar. 
If the weak stable foliation of the flow $p is of class , then p is a homogeneous 



To end the introduction, we pose some problems. First, the above results 
give the complete list C°° locally free actions of GA on three-dimensional closed 
manifolds. However, existence of smooth deformation of an action is still open. 

Problem 1.7. Construct a C°° (or C") family {pajasAr -^r satisfying 
ariPa) = a. 

Second, our construction of non-homogeneous actions is not 'constructive' 
since it uses Margulis measure, whose existence relies on the Schauder-Tychonoff 
fixed point theorem. So, the following question may be important to understand 
non-homogeneous actions. 

Problem 1.8. Let X and U be the vector fields which generates the homoge- 
neous actions of {Ar*}(gK and {t/^}ygR on Mr, respectively. Take p £ Ar and 
let /i, gi, /2, and g2 be functions such that vector fields fi ■ X + gi ■ U and 
f2 - X + g2-U generate {p{X^)}t^R and {p(C/^)}jygR, respectively. Describe the 
functions /i, gi, /2, and 52 explicitly. 




(3) 



Ar = {a{p) \peAr} 



actions. 



action. 
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2 Preliminary results 

In this section, we review some basic results which we need later. 
2.1 Anosov flows 

In this subsection, we recall the definition and basic properties of Anosov flows. 
Let $ be a flow on a closed manifold M without stationary points. Its 
differential defines a flow on the tangent bundle TM of M. Let T$ be 
the one-dimensional subbundle of TM which is tangent to the orbits of 
The flow $ is called Anosov if there exists a continuous D$-invariant splitting 
TM = T$ e E^^ e and two constants A > and C > such that 

max{||D$*|£.= (p)||, < Cexp(-At) 

for any p G M and t > 0, where || • || is the operator norm with respect to 
a Riemannian metric of M. The above splitting is unique for each $ and 
is called the Anosov splitting of $. The _D<I>-invariant subbundlcs i?*"*, i?"", 
=T<^® E''", and E" =T<^® £;™ of $ generate continuous foliations JT^", 
jruu^ jrs^ g^jjjj jru They are called the strong stable, strong unstable, weak stable, 
and weak unstable foliations, respectively. By Pcr(<I'). wc denote the union of 
periodic orbits of Let t{p; $) be the period of p G Per($) and put 

J(p;$) = logdetL'$^(f'*)(p), 
r{p; = logdet , 

J^ip; = logdet . 

Remark that J, J* and J" does not depend on the choice of the metric || • ||. 

Let $i be a flow on a manifold Mi for i = 1,2. We say a homeomorphism 
H : Ml— >M2 is a topological conjugacyii Ho^\ = $|oiJ for any f G M. When H 
is a C diffeomorphism, it is called a C conjugacy. We say a homeomorphism 
H : Ml— >M2 is an topological equivalence if 

H{{^\ip)\t>0}) = {^liHip))\t>0} 

for any p G Mi . When _ff is a C" diffcomorphism, it is called a C' equivalence. 

We say a fmiction a on M x M is a cocycle over a flow 4* if a{p, t + 1') = 
a(^'*(p),t') + a{p,t). Recall that a flow is called topologically transitive if it 
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admits a dense orbit. The original Holder continuous version of the following 
theorem is due to Livschitz, and the C°° version is due to de la Llave, Marco, 
and Moriyon. 

The Livschitz Theorem ([12]) [10] )• Let ^ be a topologically transitive 
Anosov flow on a closed manifold M and a he a Holder continuous cocycle over 
Ifa{p, t{p; $)) = for any p G Per($), then there exists a Holder continuous 
function (3 such that 

a{p,t)^P{p)-Po<^\p) 

for any p £ M and t G R. It is unique up to constant term. Moreover, if <I> and 
a are of class C°° , then also [3 is. 

The above theorem has applications to the conjugacy problem of Anosov 
flows. 

Theorem 2.1 ([H]). Let^i and ^2 be C°° topologically transitive Anosov flows 
on three-dimensional closed manifolds Mi and M2, respectively. Suppose that a 
topological conjugacy H between <i>i and $2 satisfies J*(p;<I>i) = J*(iJ(p);$2) 
and J"(p;<I>i) = J"(i7(p);$2) for any p G Per($i). Then, H is a C°° conju- 
gacy. 

Theorem 2.2 (c.f [HI Theorem 19.2.9]). Let $1 and $2 be C°° Anosov flows 
on closed manifolds Mi and M2, respectively. Suppose that a topological equiva- 
lence H between $1 and $2 satisfies t(jp] <^i) — t{H{p); $2) for any p G Per(<I>i). 
Then, there exists a continuous function [3 on Mi such that a continuous map 
Hp : Mi^M2 defined by Hp{p) = is a topological conjugacy be- 

tween <i>i and <i>2- 

Proof. As Theorem 19.1.5 of [18], we can replace a topological equivalence H 
by a bi-H61der one. Then, there exists a Holder continuous cocycle a : Mi x 
R->M such that H{<S>{{p)) = <^'^^P'*\h {p)) for any p e M a.nd t e R. The 
assumption implies a{p, t{p; $1)) — t{H{p); $2) = t{p; <i>i) for any p G $1. By 
the Livschitz theorem, there exists a Holder continuous function (3 such that 
a{p, t) = t + f3{p) — /? o (^i{p). Since H is a, topological equivalence, a{p, i) > 
if t > 0. It implies that Hp is locally injective. Since the mapping degree of Hp 
is one, it is a homeomorphism. Now, we have 

= o H{p) 

^<^'+P^PKH{p) = <^\oHp{p). 

□ 

The following is an inequality version of the Livschitz theorem. 
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Proposition 2.3. Let ^ be a C°° Anosov flow on a closed manifold M, a be a 
C°° cocycle over and X > X' > be constants. // r(p; $)) > A • r(p; <I>) 
for any p £ Per($), then there exists a C°° function (3 such that 

a{p,t)+Po<^>\p)-f3{p) > X't 

for any (p, t) £ A/ x M. 

Proof. First, we claim that there exist T > such that a{p, T) > X'T for any 
p S M. Suppose that it does not hold. Then, there exist sequences {p„ £ M}„>i 
and {tn > 0}„>i such that lim„_+oo i„ — oo and a{pn, tn)/tn < X' for any n > 1. 
Put f{p) — {da/dt){p, 0). By taking a limit of the uniform measures on the orbit 
segment | t £ [0,t„]} and applying the ergodic decomposition theorem 

to it, we obtain an ergodic invariant probability measure /i of $ such that 



By a theorem due to Sigmund 26J, any ergodic invariant probability measure 
of an Anosov flow can be approximated by invariant measures supported on 
periodic orbits. Hence, there exists a sequence {g„ £ Per($)}„>i such that 



where T„ — r((7„;<i>). However, it contradicts ([4|). Therefore, the claim holds. 
For p £ M, we define a function /? by 





(5) 




The identity 



a{p, s + t) 



a($*(p),s) +a(p, t) 



a{^'{p),t)+a{p, s). 



implies 




□ 
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2.2 Topological entropy 

Let be a continuous flow on a compact metric space (M, d) . For t > and 
e > 0, we say a subset i5 of M is {t, e)-separated if maxo<T-<t d{'if'^{p), ^''^(q)) > e 
for any mutually distinct elements p,q G E. Let {t, e) be the collection of all 
{t, e)-separated subset of M. For a continuous cocycle a over 5", we put 

-/V(^, a, t, e) = sup \ expQ(x, ^) \ . 



,xeE 



We define the topological pressure P{a, ^) of a cocycle a with respect to 5* by 

= limlimsupilogiV(^',a,t, e)0 

t^oo t 

The following lemma is easy to prove. 

Lemma 2.4. Suppose that two continuous cocycles oi\ and ai over a continuous 
flow 5*, a continuous function [3, and a real number C satisfies the identity 

Oi2 (P, t) = ai (P, t)+ii[j>)-i3o^\p)^C -t 

Then, P{a2,-9) = P{ai,'$) + C. □ 

The topological entropy htop{^) is defined by htopi'i') — P{0, ^')- It is invari- 
ant under topological conjugacy, i.e., if two flows ^'i and ^'2 are topologically 
conjugate, then htopi'^i) = htop{^2)- 

Proposition 2.5. Let ^ be aC^ topologically transitive Anosov flow on a closed 
Riemannian manifold M, TM — r$ E'"" the Anosov splitting of<^, and 

a" a cocycle defined by a^{p,t) = logdet(i?$*|£;u,,(j,)). Then, P(<i>, -a") = 0. 

Proof. See e.g. 0. □ 

Corollary 2.6. Let ^ be a Anosov flow with the Anosov splitting TM = 
r$ ® E'"' © i?"". Suppose that there exists A > such that 

r{p;^) = X-T{p;^) (6) 

for any p G Per($). T/ien, htop{^) = A. 

Proof. It is known that i?"" is Holder continuous. Let a" be the cocycle in the 
above proposition. By the Livschitz theorem, there exists a Holder continuous 
function /3 such that a"{p,t) = X ■ t + (3{p) - /3 o By Lemma 12.41 and 

Proposition 12.51 we have 

htop{<^) = P(0, *) = P(-a", *) + A = A. 

□ 



^ Usually, we define the topologically pressure for a function using its integral along the 
orbits of the fiow (see e.g. |8]). Hence, if a cocycle a is differentiable with respect to t, then 
our definition is equivalent to the usual one for the function {da/dt){-, 0). 
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2.3 Cocompact lattices of PSL(2, R) 

Let PSL(2,M) be the quotient group of the special linear group of by its 
center {±/} and PSL(2, M) the universal covering group of PSL(2, M). By 6, we 
denote the projection from PSL(2,M) to PSL(2,M). It is known that the center 
of PSL(2,]R) coincides with the kernel of the projection 6 and it is a infinite 
cyclic group. An element of PSL(2, M) is called central if it is contained in the 
center of PSL(2,M). 

We define one-parameter subgroups {X*}(gR, {<S"^}x6R, and {C/^}yeR of 
PSL(2,M) by 
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They are well-defined and satisfy the following identities: 



(7) 



(8) 
(9) 



We define the trace^tr P of each P e PSL(2, M) by thejift of the usual 
trace for matrices to PSL(2,R). A non-central element P of PSL(2,]R) is called 
hyperbolic, elliptic, or parabolic, if |tr P\ is greater, less than, or equal to two, 
respectively. If P is hyperbolic, then 0{P) is diagonalizable. Hence, there exists 
Q e PSL(2, R) and a central element c e PSL(2, R) such that P = cQX^'^^^Q'^. 
It implies that 

tr X^^^>\ =e— +e — —. 



ItrPI 



(10) 



We summarize basic properties of cocompact lattices of PSL(2, M). By [P, Q\ 
we denote the commutator P'^Q'^PQ of P,Q G PSL(2,R). 

Proposition 2.7. Any cocompact lattice T o/PSL(2,R) satisfies the following 
properties: 

1. If P G PSL(2,R) commutes with any element ofT, then P is central. 

2. 9{Q) is of finite order for any elliptic element Q G PSL(2,R). 

3. T contains no parabolic element. 

4- The commutator subgroup [T,T] contains a non-trivial central element. 

Proof. We start_with the proof of the first assertion. Consider the natural 
left action of PSL(2,R) on the real projective line RP^ Put F{-f) = {p G 
M.P^ I J ■ p = p}. Since T is cocompact, it contains two hyperbolic elements 71 
and 72 such that -F(7i) 7^ -^(72)- It is easy to see that any element of PSL(2, R) 
commuting with 7j fixes each point of -F(7i). Hence, if 7c commutes with all 
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element of F, then F{^c) contains at least four points. It implies that 7c is 
central since any non-central element fixes at most two points. 

Next, we show that 0{r) is a cocompact lattice of PSL(2,R). Let e be the 
identity element of PSL(2,M) and Gc be the center of PSL(2,M). Since T is 
cocompact, there exists a generator {71, • • • , 7™} of F. Take two neighborhoods 
U and y of e such that U f]Gc = U r\T ^ {e}, C C/, and [7, 7^] e U for any 
7 e and « = 1, • ■ • , m. If 7 e F n cV for some central element c of PSL(2, M), 
then 

[7,7,] = [c-17,7,] e c/nF- {e}. 

By the first assertion, we have 7 e Gc, and hence, 7 = c. It implies that 9(T) is 
discrete. Since F is cocompact, also 9{T) is. 

If 7 is an elliptic element of PSL(2,IR), the closure of {6'(7)" | n S Z} is 
compact. It implies the second assertion. It is known that any cocompact 
lattice of PSL(2,R) contains no parabolic elements (see e.g. [2 ). The third 
assertion follows from this fact. 

To show the last assertion, we recall Selberg's lemma for cocompact lattices 
of PSL(2,R). It asserts the existence of a finite index subgroup F' of 0(F) 
which contains no elliptic element. Since F' is a cocompact lattice and any non- 
identity element is hyperbolic, the quotient map tt : PSL(2, M)— >F'\PSL(2, R) 
gives the unit tangent bundle over a closed surface with negative Euler number. 
It implies that the commutator subgroup of 9^^{T') n F contains a non-trivial 
central element. □ 

The following lemma gives an estimate of the translation length of a com- 
mutator. 

Lemma 2.8. Let P and Q be elements o/PSL(2,M) such that P is hyperbolic 
and [P, Q] is neither central nor parabolic. Then, 

hm . LiP) 

n— ►oo 2n 

Proof. Take A G PSL(2, R) and a central element C so that P = A-^X^^^HC. 
Put 

" ^ e{AQA-'). 



Then, we have 

e{A[P''\Q]A-^) 

The equation for n — I implies that 6c 7^ since [P, Q] is neither central or 



ad - e-'^^^P^hc (1 - e-"-^('f'))M 
(1 -e"-^('f'))ac ad-e'^^'-P^bc 
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parabolic. Now, we have 
L{[P'\Q]) 



lim 



2n 



HP) 



= lim - (log |tr [P",Q] I -log |trp2n|) 

n— >oo 71 

= lim - (\og\tr {A[P'\Q]A-^)\ -log\ti P^^l) 
2ad - (&c)tr P^n 



1 



lim — log 

n—yoo Tl 

lim — = 

7l^QG Tl 



tr P2" 



□ 

Let r be a cocompact lattice of PSL(2,R). By Mr, we denote the quotient 
space r\PSL(2,]R). We identify the lattice F with the fundamental group of 
Mr- The following is a direct consequence of Proposition 12.71 

Lemma 2.9. Any Tion-hyperbolic elemcTit of V represeTits the zero class of 
Hi{Mr,R). □ 

Lemma 2.10. For any 7 G F with ^(7) > 0, there exist P G PSL(2,K), a 
central element c G F, and an integer n > 1 such that {cY^)P — PX^^^^"'\ 

Proof. Since any hyperbolic element of PSL(2, R) is diagonalizable, there exists 
P G PSL(2,R) and a central element cq G PSL(2,R) such that C07P = PX^^'^\ 
Since the center of PSL(2,R) is cyclic, the last assertion of Proposition 12.71 
implies that c = Cq is contained in F for some n > 1. Now, it is easy to check 
that (c7")P = PX"^('y). □ 



3 Anosov flows associated to actions 

In this section, we study the relation between the period of a periodic points, 
expansion along invariant subbundles, and the one-form lo in the equation 
It leads to the proof of an easy half of Theorem B (Subscction l3.4p and Theorem 
A (Subsection E31). 

3.1 Homogeneous Anosov flows 

Fix a cocompact lattice F of PSL(2,R). Let X^, Y^, and Y-^, be the vector fields 
on Mr which generate the natural right action of the one-parameter subgroups 
{X*}teR, {S^}.,m. and {iJ^yeE of PSL(2, R) on Mr = F\PSL(2, R) from right. 
Then, they satisfy the identities 

[r^^Xr]=r^^ [Y^,Xr]^^Y^. (11) 

In the below, we identify GA with a subgroup [X^UV | t, y G R} of PSL(2, R). 
We define the homogeneous action pr : Mr x GA— >Mr associated to F by 

pr{TP,x'uy) = T{px'uy) 
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for P e PSL(2,R) and X^Uv G GA. We also define the flow $r on Mr by 
$p(rP) — T{PX*). It is generated by Xr- For each periodic point p of $r, let 
7r(p) be the element of F such that 

7r(p)P==PX^(f'*^), (12) 

where P £ 0-^{p). 

The uniqueness of the Anosov splitting and the equations (fTT|) and imply 
that $r is an Anosov flow with the Anosov splitting TM = T'SreM-Yp^eR-Ff', 
and it satisfies 

J"(p; $r) = - J^(p; <^r) = r{p- <^r) = Hjr{p)). (13) 

By we denote the weak unstable foliation of $r- It coincides with the orbit 
foliation of the natural right action pr of GA on Mp- 

Lemma 3.1. Hi{Mr,R) is generated by periodic orbits o/ $r o.s an 'K-vector 
space. 

Proof. Lemma 12.91 implies that any non-zero integer class c is represented by a 
hyperbolic element of F. By Lemma [2TTUJ there exists n > 1 such that n • c is 
represented by a periodic orbit of $r- CH 

Lemma 3.2. There exists aperiodic orbit o/$r which represents the zero class 
ofH\Mr). 

Proof. It is easy to see that [F,r] contains a hyperbolic element. By Lemma 
12.101 the zero class is represented by a periodic orbit of <I>r. □ 

Lemma 3.3. The flow $r is topologically transitive. 

Proof. It is known that any volume-preserving Anosov flow is topologically tran- 
sitive. Since preserves the smooth volume induced from the Haar measure 
on PSL(2,R), it is topologically transitive. □ 

The following proposition characterizes Anosov flows whose weak unstable 
foliation is J-^- 

Proposition 3.4. Let $ be an Anosov flow on Mr such that its weak unstable 
foliation coincides with J- y. Then, there exists a topological equivalence between 
$r and $ which is isotopic to the identity and preserves each leaf of J-^ . 

Proof. In [10 , Ghys showed that any Anosov flows on the unit tangent bundle 
of a closed surface with a hyperbolic metric is topologically equivalent to the 
geodesic flow. A careful application of his argument gives a proof of the propo- 
sition. The key observation for our case is the following: The assumption on the 
weak unstable foliation implies that the asymptotics of the lifts of the periodic 
orbits of <& and ^r to PSL(2,R) coincide if and only if they are contained in 
the same leaf of the lift of J-^. □ 
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Let p be an action in ^r- We define a flow $p on Mr by 3>p(p) = p{p, X*). By 
Theorem 1 1.51 it is an Anosov flow. The weak unstable foliation of $p coincides 
with the orbit foliation of p, and hence, with T^- Let Hp be the topological 
equivalence which is obtained by the above proposition. By Lemmas 13.11 and 
13.21 <i>p is topologically transitive and it admits a periodic point p whose orbit 
is null-homologous. 

Let Yp be the vector field which generates the p-action of {f7^}ygK. Since 
D^^p{Yp ) — e*-Yp", the vector field is tangent to the strong unstable foliation 
and 

r{q-<^p)=T{q-<^p) (14) 

for any q G Per(<l>p) = _H'p(Per((f>r)). For each p G Per($r), the $r-orbit of p is 
homotopic to the $p-orbit of Hp{p) in T^ijj). It implies that 

J\Hp{p)- ^p) = .r{p- <i>r) = -i(7rb)) - -r(p; <i>r). (15) 
In particular, 

J{Hp{p); $p) = T{Hp{p)- c&p) - t{p- ^r). (16) 
3.2 Reparametrization of $r 

For a 6 iJi(Mr,M), we define a left-action F^ of F on PSL(2,M) by 

Ta{l,P)=lPX<^\ 

This action was introduced by Ghys in [12| . where he used it to construct a 
non-homogeneous Anosov flow with a smooth Anosov splitting. 

The following proposition is due to Salein [25] . However, we give a proof 
here since the presentation of the statement is different from Salein's and the 
proof is short. 

Proposition 3.5. For any a £ Ar, the action Ta is free and properly discon- 
tinuous. 

Proof. Since a £ Ar, there exists e > such that |a(7)| < (1 — e)L{j) for any 
7 e F with i(7) ^ 0. 

First, we show that the action is free. If Fa(7, P) = P, then 7 = PX^^-'^^'lp-^ . 
It implies ^(7) = |a(7)|- By the assumption, we have 0(7) = 0, and hence, 7 is 
the identity. 

To^show that the action is properly discontinuous, we fix a compact subset 
V of PSL(2,M). For K > 0, put T{K) = {7 g F | 2.(7) < K}. We claim that 
the set {7 e r{K) \ Ta(jx V)nV ^ 0} is finite for any K > 0. J^t d be a left 
invariant distance on PSL(2,M) and e the identity element of PSL(2,]R). Put 
6k = sup{d(X*,e) I \t\ < K} and Vk ^ {P & PSL(2,R) | infQ6yd(P,Q) < 
Sk}. Since 

diVai-/, P),-/ ■ P) = d{X''<^^\e) < 6k 
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for any P G V and 7 G r(i^), we have Taij x F) C 7 • Vr- for any 7 G ^(K). 
Since the natural left actfon of F on PSL(2,E) is properly discontinuous, the 
set {7 e T{K) I 7 • n Vr- ^ 0} is finite. It imphes the claim. 

Now, it is sufficient to show that there exists iiT > suchthat ra(7xV^)nV^ = 
for any 7 S rr{K). Since PSL(2,R) is the universal covering group of the 
special linear group of R^, it acts on naturally as linear transformations. Let 
\\A\\ be the operator norm of A G PSL(2,R) with respect to the Euclid norm 
on R2. It is easy to see that L{P) < 21og||F|| for any P e PSL(2,R) and 
\t\ = L{X*) = 21og||X*|| for any t e R. Put = s\xppQ^y\og\\P-^Q\\. Then, 
any P, Q G and 7 G TT{2Koe-'^) satisfy 

|p-iQx-"('')| < 2iog(||p-ig|| • 

< 2ifo + |a(7)l < ^L{l) + Hl)\ < L{l), 

Since • Taij, P) ■ ^-'^(t)) = L{p-^-fP) = i(7), we have ra(7, P) ^ Q. 

It imphes that Ta{-f) • n F = for any 7 G rr(2i^oe"^)- □ 

Take a G Ar. Put Mr.a be the quotient space of PSL(2R) by the action 
of Ta. Let l>r be the flow on PSL(2,R) defined by $r(P) ^ P ■ X\ and P'' 
and JP""" be C"^ fohations defined by P'iP) = {PS'' | a; G R} and J"""(P) = 
{Pljy \y G R}. The flow $r commutes with the action of Pq and preserves 
foliations J-'^^ and JF"". Hence, $r induces a C"^ flow <I>r,a on Mr, a and the 
foliations J-^^ and T^"^ project to $r,a-invariant foliations J-^^ and J-^^. 
It is easy to see that 4>r,a is an Anosov flow with the C"^ Anosov splitting 

TMr^a = P*r,a © P^f ® TJ^^a"- 

Ghys showed that the <I>a can be identified with a time-change of $r- 

Proposition 3.6 ([11 ). There exists a equivalence Ha between $r o.i^'d ^r,a 
which is isotopic to the identity and satisfies 

T{Ha{p); ^T.a) = t(p; $r) + a(7r(p)) (17) 

/or ajT.?/ p G Per($r)- 

3.3 The cohomology class a(p) 

Take p G -4r and a closed one-form cj satisfying Let be the vector field 
generating $p. 

Proposition 3.7. P/ie one- form uj is uniquely determined. 

Proof. Suppose that closed one forms cu and uj' satisfy the equation Then, 
($p)*(a; — uj') ^ lo — lo' for any t G R. In other words, u) ~ u' is $p-invariant. 
Since limt^oo llP'^i^plB^^ II = 0, we have 

(tj - J){v') = lim ($* )*(tJ - t^')(«') = lim {lo - oj'){D^l{v'')) = 
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for any £ Sp*. A similar argument shows that {co — uj'){v'^) = for any 

The $p-invariance of (w — tj') implies {to — uj'){Xp) is a $p-invariant function. 
Since $p is topologically transitive, {uj — uj'){Xp) is a constant function. Take a 
null- homologous periodic orbit 7 of <f>p. Then, the integral oi uj — uj' along 7 is 
zero. It implies that (w — uj'){Xp) — 0. □ 

Recall that a{p) is the cohomology class of uj. We define a function 6 on 

by 

S{p) = 1- {htop{<^>rMp))) ^■ 

It depends only on a{p). 
Proposition 3.8. 

logdeti:i$^(p) = S{p) ■t+ f UJ (18) 

"'{*?(p)}o<=<t 

for any {p, t) G Mr x M. 

Proof. Put /(p) = J^(logdet£)$p)(p)|4=o- By the equation ([2]), we have 

Uj{Xp) o - uj{Xp) = {<^*pUj){Xp) - uj{Xp) 

= d(iogdcti?$;) {Xp) 
= / ° - /• 

In particular, the function uj{Xp) — / is $p-invariant. Since $p is topologically 
transitive, uj{Xp) — / is a constant function. Hence, there exists a real number 
5 satisfying the equation (fT8|) . 

Take a periodic point (7 of $p whose orbit is null- homologous. Then, we have 

5 ■ T{q- $p) = J{q- $p) < r{q- $p) = r(q; $p) 

It implies that 5 <1. By the equations (fT4| . ([15]), and p8| . we have 

(1 - 5)T{Hp{p)- c&p) = r(p; $r) + a(p)(7r(p)) (19) 

for any p £ Per($r)- 

We show that 5 = S{p). Let ^I^ be an Anosov flow on Mr defined by 

t 

^ <i)^. Then, Per(*) = Per($p) and any p e Per(\E') satisfies J"(p; ^E') = 
J"(p; $p) and 

r(p;v|/) = (l_^)r(p;$p). (20) 
In particular, J"(p; = (1 -(5)"V(p; ^f). By Corollary dm we have /itop(*) = 

By (Hz]), p9| . and (|20|) . _ffp o -ff^^p^ is a topological equivalence between 
$p a(p) and 5* which preserves the period of each periodic point. Hence, Theorem 
12.21 implies that 5* and $r,a(p) a-i'e topologically conjugate. Therefore, we have 
htopi'^rrarip)) = /itop(*) = (1 - S)-\ □ 
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3.4 The space Ar 

First, we rewrite Ap in terms of $r- 
Lemma 3.9. 

aeH\Mr,R) inf ^plM^ > -l] . (21) 
pePor(*r) r(p; $r) J 

Proo/. Fix a G i/i(Mr,R) and 7 £ F with £(7) ^ 0. Applying Lemma [mH to 
7 and 7~^, we obtain p,p' G Per($r), > 1, and central elements c, c' G F 
such that 7r(p) = C7" and 7r(p') = c'7~" . Lemma and the equation ([TH|) . 
we have 

q(7) ^ Q(7r(p)) ^ a(7r(pO) 
L(7) r(p;$r) T(p';$r)' 

□ 

The following is an easy half of Theorem B. 
Proposition 3.10. a(p) e Ar for any p e ^r- 

Proof. Take p G .4r- Since <i>p is an Anosov flow on a closed manifold Mr, there 
exists C > such that 

-log\\D<i>l\E^.^,)\\<C{l-~S{p))t (22) 

for any q £ A/r and t > 0. It implies | J''(g, ^p)\ < C(l - (5(p))r(g; <i>p) for any 
g e Per($p). By US]) and dH]), we have 

^ 5(p)(7r(p)) _ il^~S{p))-TiHpip);^,) ^ 1 
r(p;$r) | J-(i7p(p); <i>p)| "C 

for any p G Per($r)- The equation (PTjl implies that a(p) is an element of 
Ar. □ 

Recall that Xr is the vector field generating <i>r. The following proposition 
gives another characterization of Ar . 

Proposition 3.11. A cohomology class a G _ff^(Mr,R) is contained in Ar if 
and only if it is represented by a closed one-form lo on Mr satisfying 

inf uj{Xv){p) > -1. 

peMr 

Corollary 3.12. Ar is a non-empty, open, and convex subset of H^{My,M.). 

□ 

Proof of Provosition W ■ 1 1\ First, we suppose that a is represented by a closed 
one form w such that infpgMr '^(^r)(p) = —1 + e for some e > 0. Then, we 
have a(7r(p)) > (—1 + e)T(p; $r) for any p G Per($r)- By Lemma [3^ a is an 
element of Ar- 

Next, we suppose that a is contained in Ar- Then, there exists e' > such 
that a(7r(p)) > (-l+e')T(p; $r) for any p G Per($r)- By Proposition l2.31 there 
exists a C°° function (5 such that mip^Mri'^ + du){XY-){p) > -^1 + e'/2. □ 
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3.5 Proof of Theorem A 

Now, we prove Theorem A. Let F be a cocompact lattice of PSL(2, K). Suppose 
that two actions pi,P2 G satisfy ar(pi) = ar(P2) = a. Put 5 = 1 — 
htop{^T ,a)~^ ■ Then, 5{pi) = S{p2) = S hy definition. The equation implies 

T(i7p,(p);$pJ = r(i/p,(p);<i>,J = {I - S)-^ {r{p;^r) + aMp))} 

for any p € Per(<i>r)- By Theorem l2.21 there exists a continuous function /? such 
that the map H defined by H{p) = o Hp, o is a topological conjugacy 
between and ^p,. By mi) and (fT5|) . 

J^(i/,,(p);$pJ = J%Hp,{p)-<l>p,) = -r(p;$r), 

J"(iJp,(p);$pJ = r{Hp,ip);^p,) = (1-5)-^ {t(p; <I>r) + a(7r(p))} 

for any p E Per(<i>r)- By Theorem l2.11 the conjugacy H is a. C°° diffeomorphism. 

Let Xp. be the vector field generating <i>p. and f7p. be the vector field gen- 
erating the flow [/^)}j^gK for each i = 1,2. Since [[/p. ,Xp.] = Up., the 
vector field [/p. is tangent to the strong unstable foliation of ^p^ . Since the C°° 
conjugacy H preserves the strong unstable foliation, there exists a C°° function 
g on Mr such that g{p) ^ and 

DH{Up,){p)=g{p)-UpM 

for any p G Mp. The equations [Up^,Xp.] = Up. and DH{Xp^) = Xp, imply 
Xp^g = 0. Since the flow $p2 is topologically transitive, the function g is 
constant with a non-zero value A. Now, we have 

P2{H{p),x*u^y) = H{pi{p,x*uy)) 

for any t,y eR and p G Mr- It imphes that pi and p2 are C°° conjugate. 

4 Construction of non- homogeneous actions 

In this section, we prove a harder half of Theorem B and Theorem C, i.e., 
construction of action p G which is C°° conjugate to an action and 
satisfies ar{p) = a for any given a G Ar- It can be reduced to a construction of 
an Anosov flow with a special property (Proposition 14. 3p . The construction 
follows Cawley's method ([?]) on deformation of smooth structure of Anosov 
systems using measures along invariant foliations. In our case, we deform the 
Anosov flow $r.a, which is defined in Subsection l3.21 using the Margulis measure 
along the strong unstable foliation. 

4.1 The Marguhs measure 

Let $ be an Anosov flow on a closed manifold M and TM = T^fBE"" ®E''" its 
Anosov splitting. By J^^*, J^"", J^^, and J^", we denote the invariant foliations 
of $ which is deflned in Subsection 12.11 
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For a foliation T ^ we denote the leaf of T which contains p by . For any 
p,q M which are sufSciently close to each other, we can define the holonomy 
map hpq of from a neighborhood Upq of p in T^{p) to J^"(g). 

Theorem 4.1 (Margulis [22 ). There exists a family {jlp}p^M which has the 
following properties: 

1. fi is a locally finite Borel measure on T'^{p) which is non-atomic and 
positive on each non-empty open subset of T^{p). 

2. Ifr^'ip) = ^"(g), then fip ^ fiq. 

3. The family {jj.p}peM is holonomy invariant, i.e., if p and q are sufficiently 
close to each other, then ilq(hpq{A)) = ilp{A) for any Borel subset A of 

Upq. 

4. There exists A > such that 

fip{^'iA))^e^'-fi,iA) 
for any p £ M, t G K, and any Borel subset A of J-"{p). 

As explained in Chapter 3 of |22j , the family {p-p}peM induces a family 
{fJ,p}peM of measures on leaves of JT"" such that 

fip{{<^'{q) \ qeV,0<t<e})^ fip{V) f eh dt. 



for any small open set V C JF""(p) and any small e > 0. We call the fam- 
ily {^p}p^M the Margulis measure of <1? along JF"". It satisfies the following 
properties: 

• For any small open subset V C ^"(p) of the form 

V = {'^\p')\p' £V,t£{ri^{p'),ri^{p'))}, 

where V is an open subset of and ?/_ and 77+ are continuous 

functions on V, 



f ( rn+(p') \ 
hiV) = \ ^^'dt d^ipip'). (23) 



• For any p G M, t G R, and any small open subset V of 

=e^*-/ip(^) (24) 

When two points p and q in AI are sufficiently close to each other, we can 
define the holonomy map hpq of JT" from a neighborhood Upq of p in JF"" (p) to 
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Proposition 4.2. Suppose that the flow $ and the foliations T"" , T^'^ , , T'^ 
are real analytic. Then, for any given p S M , the Radon- Nikodym derivative 
^it^hszli^q^ depends real analytically on q d M. 

Proof. Fix a neighborhood F"" of p in J^"" (jj) . There exists a neighborhood 
U of p in M and a C"^ function rj on U such that o /ipg contains q. 

Remark that the function r/ satisfies 

oV(p') = /ipg(p') (25) 

for any p' £ J^"" (p) sufficiently close to p. 

Take a small neighborhood F C V^"^ of p in JF"" and a small positive number 
e > 0. Put Ve = I y e i e (-e,e)}. Since $ preserves the foliation 

.F*^, we have /ipg o $* = $* o /ip^ for any t G (— e, e). It implies 

hp,iV,) = {<i>*(g') I g' e G (-e,e)} 



where the latter equation follows from (|25p . By the holonomy invariance of 
{/XpjpgM and the equation ((23)l . we have 

/ / /■ ' ^At^A = / f / e^*dt) d^p- (26) 

JKiiV) \J-i-viq') / Jv \J-e J 

It implies 

/ exp{~X-r]{q'))dfj.g{q') = dfip. 

Hence, we obtain 

^i^^^^(g) = exp(-A.^(9)). 
It is a C"^ function on J7. □ 



4.2 Codimension-one Anosov flows with constant expan- 
sion 

We construct a codimension-one Anosov flow with constant unstable expansion 
by a deformation preserving the strong unstable foliation. 

Proposition 4.3. Let ^ be a Anosov flow on a closed manifold M . Suppose 
that its Anosov splitting is of class and the strong unstable foliation JF"" is 
one- dimensional. Then, there exists another Anosov flow ^ on a closed 
manifold M, a vector field Y" , a C°° diffeomorphism H : M^M, and a 
constant A > such that generates the .strong unstable foliation of $ 
and 

i? o ( JT"" (p) ) = $* ( (iJ (p) ) ) , (27) 
Dl>*(y"(p)) = e^* • r"($*(p)) (28) 

for any p G M and t G K, 
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The equation ^7} implies that H maps the weak unstable foliation of $ to 
that of Since = for p e Pcr($) if and only if t is an 

integer multiple of r(p; $), it also implies 

T(i7(p),$) =t(p,$) (29) 

for any p £ Per($). 

The rest of the subsection is devoted to the proof of the proposition. Let N 
be the dimension of the manifold M, be the strong unstable foliation of <&, 
and be the weak stable foliation of $. For each p G M, we can take an open 
neighborhood C/p and a coordinate (^p : L/p^R^ such that 

• (^p(p) = (0,0) e R^-i X R, 

• (fipiUp) = (— (5p,(5p)^ for some dp > 0, and 

• for any {x,y) — {xi, ■ ■ ■ ,XN-i,y) G R^^"'^ x R and any sufficiently small 
t > 0, 

^;\x X i-5p,5p)) c T""i^p'{x,0)), 
'P^'ii-Sp^Spr-' xy)c T^{^~\Q,y)), 
o ip~^{xi,X2, ■ ■ ■ ,X]s-i,y) = <^p^{xi +t,x2,--- ,XN-i,y)- (30) 



ForeachxG {~Sp,Sp)'^ we define a map Zp a; from (— (5p, (5p) to jr™((j5 ^[x,0)) 

by 

ipAv) = f ^{x^y)- 

Let {/iplpgA/ be the Margulis measure of $ along J^"". For each p e M and 
{w,x) G (— (5p, (5p)^~^, we define a measure Vp^^ on {—Sp^Sp) and a function (p 
on (-(5p,(5p) by 

dvpfi 

By Proposition 14. 2i Cp is real analytic for any p e M. 
Let 2/p be a function on Up given by 

y 



ijpo ipp^{x,y) ^ dvp,^^ I Cp{x,y')diyp.o{y'). 
Jo Jo 

Since each /ip is non-atomic and positive on each non-empty open subset of 
^""(p), we can define a continuous coordinate ipp : J/p— >R^ by 

>Pp{q) = {x,yp{q)) . (31) 

for any q = fp^ix, y) £ Up. 



By {Zi, ■ • • , Z^}, we denote the standard orthonormal frame of . 
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Lemma 4.4. The family {ipp}p^M has the following properties: 

1. The map (pp o (p~^ is real analytic for any p,q ^ M . 

2. D[Ppop-^){ZN) = Zn. 

3. For any fixed y G {~5p, Sp), the map x ippO ipp{x, y) is also of class . 

Proof. There exist C"^ local diffeomorphisms h of M^^^ and w of M such that ^ppO 
ip~^{x, y) — {h{x),v{y)) for any (a;, y) G ipq{UpC\Uq). To prove the first assertion, 
it is sufficient to show that ijp o (p~^ is real analytic. Since J^'^"{(pp^{h{x), 0)) = 
JP™(V5-i(a;,0)), we have M^-i(/i(:r),o) = l^v^\x,o)- I* implies Pp^h{x) °v ^ Vq,^. 
Then, 



Vp ° Vq^[x,y') = I dvp^h(^) 



V 

■u-i(O) 



dVq.x = / dVq,x - I dVq^x 



1,-1(0) 



-1(0) 

yq°^q\x,y') - I dVq 



for any {x, y') G (Pq{Up fl Uq). Hence, 

ypOip^\x,y)=y- Cqix,v)dvq,oiv)- 
Jo 

It is easy to see that Z^iyp o pq^) — 1 and 

■ ■ ■ Zi^iijpO ip^^){x,y) = - {Z^^---Z,^Cq){x,v)dvq.o{v)- (32) 

Jo 

for any ii,-- - ,Jfc = I,''' ,N~ 1. Since C, is real analytic, also the right-hand 
term of the above equation is. Therefore, ijp o tp~^ is real analytic. 

The second assertion is an immediate consequence of the equation Z^iilp o 
pq^) = 1- The right-hand side of the equation ([5^ does not depend on y. It 
implies the last assertion. □ 

The first assertion of the lemma implies that the family {(pp}peM defines a 
structure of M. Let M be the C"^ manifold such that M = M as a set and 
its chart is given by {(pp}p^M- The second assertion of the lemma implies 
that there exists a vector field F" on M such that Dipp{Y'^) = Z^ for any 
p G M. 

Let H : M^M be the identity map as a set. We define continuous foliations 
J"™ and on M by = and T'{H{p)) = H{T-'{p)). 

Since -^"^(O x R) = (/^-^(O x R) c the vector field is tangent to J^""". 

In particular, .F"" is a foliation. 
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Let TM = T^®E'"'®E'^'^ be the Anosov splitting of By the last assertion 
of Lemma \TM the restriction of H to each leaf of J-" is of class C". Hence, the 
restriction of DH to TT' = T$ © E"" is well-defined. Put E"' = DHiE'") and 
j^uu ^ ^ Tj£""". We define a continuous flow $ on M by l>* = 7?o$*o7J-i. 

The following lemma implies that $ is an Anosov flow satisfying the second 
condition in Proposition [ 



Lemma 4.5. <t is a Anosov flow such that 

• TM = T<l © E'"' e i?"" is f/ie Anosov splitting of $, and 

• Dl>*(r"(p)) = e^* • /or any p e M and t e R. 



Proof. By (|30|) . we have 

° l'p,{xi,X2,--- ,XN-i) ~ ^p.,(xi+t,X2,--- ,Xn~i) 

for any p G M, (xi,X2,--- ,a;Ari) £ {—5p,Sp)'^~^ , and i G K. whose absolute 
value is sufficiently small. Hence, the equation ([M)) implies 

o ip~'^ {xi,X2, ■ ■ ■ ,XN-i,y) = V'p^i^i +t,X2,-- ■ ,XN-i,e^^y). (33) 

Since (pp is a coordinate of Af , the flow $ is real analytic. Take a C°° metric 
II ■ 111 on M such that and ||r"||i = 1. Since Dipp{Y'^) = Zn, the equation ([33]) 
imphes L'l>*(y"(p)) = e^* • F"(l>*(p)). In particular, is Z)l>-invariant and 
||-C)$*|^„u(p-) 111 = e^* for any p ^ M and t G M. Since DH\e== is a continuous 
bundle map, there exists C > 1 such that C^^||w|| < ||Z)ft.(u)||i < C||w|| for any 
V G E'^^ . It implies 

\m%..^Hip))\\i<c'\m'\E^.^p-,i 

where the right-hand term decays exponentially. Therefore, $ is an C"^ Anosov 
flow with the desired properties. □ 

Lemma 4.6. H can be -approximated by a C°° diffeomorphism H such that 
H{J^'''^{p)) = T'^'^iHip)) for any p G M. 

Proof. Let \1/ be a C°° flow on M which is generated by a unit vector field 
tangent to J^"". Fix a C°° even function 5 on M such that g'{t) < < g{t) for 
any t > 0, the support of g is compact, and the integral of g over R is one. For 
e > and a given continuous function / on M , we define a function Sf f on M 

by 

{SJ){p)^ j^{fo-^^-){p).g{T)dT. 

Take a finite subset {pi, • ■ • ,Pm} of M so that Af = lJt=i ^Pi- Let {xi}r=i 
be a partition of unity associated with the covering {?7pi}™i of M. For each 
i — \, - ■ ■ ,m, we define a map tt^ from Up^ to J-'^(pi) by 

We assume the following claim, whose proof is postponed until we finish the 
proof of the lemma. 
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Claim 4.7. S^ixi • Vpi) is a C°° function on M. 

Now, the proof of the lemma is almost identical to Lemma in [5T] by de la 
Llave and Moriyon. Let 4> be the C°° flow on M which is generated by F". 
Since D(pp{Y^) — Zpf and ijp o (p~^{x, y) — y, we have 

p = iiypAp)(H oTT^ip)) (34) 
for any p G Up-. For each small e > 0, we define a map iJ^ from AI to M by 

H,{p) = ^iS'''')i^T=iX.-yp^){p)(^H{p)), 

where / is the identity operator. Remark that H^{T'^^{p)) — T"^{H{p)) for 
any p e M. 

For any p e Up- fl Up^ , the equation (IM)) implies 
Hence, we have 

for any p £ Up - . Since nj is a C°° map from [/p^ to J-''^ (pj ) and the restrictions 
of i/p- and iJ to a leaf of JF* are of class C°°, the last term depends C°°- 
differentiablly with respect to p. By Claim I4.7[ 

He{p) = *'S'(2:riiX.-fe,)(p) o^'-^"iX'-fe,°^.)(p)(//-o7rj(p)). 

is smooth with respect to p. By the same argument as [21] , we can see that ffg 
is a diffeomorphism and is C^-close to iJ if e is sufficiently small. □ 

Proof of Claim Fix i = 1 ■ ■ ■ ,m and e > 0. Put f = X ' Vpi- We will show 
that o Lp~^ is a C°° function. By Journe's theorem [T7], it is sufficient to 

show that Zi^ - ■ ■ Zi^ {Sef) o (Pp/ and Z'^{Sff) o (p^.^ are Holder continuous for 
any k > 1 and any ii, ■ ■ ■ ,ik ~ I, ■ ■ ■ , N — I. 

Let /7 be a neighborhood of the support of / o (p^^ whose closure is contained 
in (pp- (Up). There exists a small neighborhood / of in R and a smooth function 
f on [/ X / such that 

for any {x, y) £ U C M^^-^ x M and rj e I. Then, we have 

(5J)o^-i(x,y)= / (/ovI/-o(p-i)(x,y).g(r)dT 

Jr 

= ^(/ ° 'Pp,^){x, y + v)- (^i9°T)- 1^ j (a;, y, 'q)dr]. 
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It is known that any topological conjugacy between two Anosov flows is a bi- 
Holder homeomorphism (see e.g. Theorem 19.1.2 of [H]). Hence, the map 
'Ppi ° is Holder continuous. By ([5^ . also Z.^ • ■ • Zi^{yp. o </9p/) is for any 
ii, • ■ • , ifc = 1, ■ • • , iV — 1. Since x, 9 and f are of class C°°, the above equation 
implies that Zi. ■ ■ ■ Zi^{Sef o <Pp/) is Holder continuous for any ii, ■ • ■ , = 
1, • • • , iVi. By an easy calculation, we can see that Z^{Sef o ip^^) is also a 
Holder continuous function for any fc > 1. As mentioned at the beginning of 
the proof, Journe's theorem [T7] implies that S^f is of class C°° . □ 

Now, we prove Proposition 14.31 The equation follows from Lemma 
Let H be the diffcomorphism in Lemma WM Since H{p) G n 
we have H{T"''{p)) = T"''{H{p)) = T"''{H{p)). It implies that 

Therefore, the equation (|27l) holds. 

4.3 Proof of Theorems B and C 

Now, we show Theorems B and C. By Propositions 13.101 it is sufficient to 
construct an action p in with a{p) ~ a for any give a G Ar and show it is 
C°° conjugate to a C"^ action. 

Fix a G Ar. Let $r be the homogeneous Anosov flow on Mr and JFp be its 
weak unstable foliation. By Propositions 13. 51 and 13. 61 there exists a C"^ Anosov 
flow $a on Mr such that its Anosov splitting is real analytic, the orbits of $a 
coincide with those of 'I'r, and 

t(p; ^a) = t{p; $r) + a(7r(p)) (35) 

for any p G Pcr($). Remark that the weak unstable foliations of is since 
4>a and <I>r have the same orbits. 

Let $, M, Y", H, and A be the objects obtained by applying Proposition 
liT^to The vector field generates a flow ^ on M. The equation 
imphes the identity o = ^^^'^^ o $*. We define actions p : M x GA—>M 
and p: M X GA^M by 

p{p,X'uy) ^ *^o$i(p), 

p(p,x*;7^) = ij-iop(7?(p),x*c/^). 

The action rho on M is real analytic. By the equation (|27p . the orbit foliation 
of p coincides with the weak unstable foliation of ^a- In particular, p is an 
element of Ar and $* = iJ"^ o <i>i o iJ. 

The equation ([29]) imphes T{Hp{p);^p) = A • t(p; ^q) for any p G Per(<i>r). 
By the equations (fTH]) and ([35]) . we have 

J{Hp{p);^p) = (1 - A-i)T(i7p(p); <I>p) + a(7r(p)). (36) 
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By takingp G Per($r) whose orbit is null-homologous, we obtain 5{p) = 1 — A"'^. 
Since 7?-*^ (Mr , R) is spanned by periodic orbits of $r, the above equation implies 
that a{p) — a. 

5 Proof of Theorem D 

We recall a classification of Anosov flows with the Anosov splitting due to 

Ghys [mnj. 

Theorem 5.1 (Ghys [131 [T3]). Let T be a cocompact lattice o/PSL(2,R) and 
^ be a C°° Anosov flow on Mr- If ^ admits a Anosov splitting, then there 
exist cocompact lattices T a and r„ which are isomorphic to T and such that the 
weak stable foliation of $ is C°° diffeomorphic to and the weak unstable 
foliation of $ is C°° diffeomorphic to J-^ . 

Now, we j3rove Theorem D. Let p be an action in for some cocompact 
lattice r of PSL(2,M). Put a = a{p) and 5 = 5{p). By Lemma [iTOl for any 
given 7 G r with £(7) ^ 0, there exist p^ G Per(<i>r), c G F, and > 1 such 
that c is central and ^rip-y) = c • 7""'. 

Suppose that the weak stable foliation JT" of $ is of class C^. By the 
above theorem, there exists a cocompact lattice F' and a C^-diffeomorphism 
H : My^Mt' such that H{T^) = Tf.,. It induces an isomorphism a : F— ^F' 
between the fundamental groups of A/r and Mr' . 

Let $r' and $1 be flows on Mr' defined by $r'(p) — Pvip^X*^) and = 
iJo$*o_ff~i. They have the same weak stable foliations J^p, . By Proposition l3.4|, 
there exists a topological equivalence H' between $r' and <i>i which is isotopic 
to the identity and preserves each leaf of IFf.,. Then, iJr,r' = H' o H o Hp 
is a topological equivalence between <i>r and $r'- It satisfies 7r' (-ffr,r' (^7)) = 
(T(7r(P'y)), and hence, 

r{HM-^p) = r(HoHp{p^)-^i) - J"(iJr,r'(P7);*r') =i('^(7r(p-y)))- 
By the equations (HH), p^ . and (fTO)) . we have 

■ a(7) = a(7r(p-,)) = (1 - 5)T{Hp{p^), $p) - t(p^, $r) 
= il-S)L{a{jr{Py)))-LMPy)) 
= n,{(l-5)L(a(7))-i(7)}. (37) 

Fix a hyperbolic element 7 G F. Since F is cocompact and 7r(P7) is hyper- 
bohc, there exists 7' G F such that rjm = [(7r(P7))™, 7'] is not contained in the 
center for any m > 1. By Proposition 12. 7[ rjm is not parabolic. The equation 
[571 implies 

(1 - J)L(a(?7™)) - L(77™) = 0. 

for any m > 1. By Lemma 12.81 we have (1 — (5)i(cr(7r (p-y))) — L{'yr{p-y)), and 
hence, 0(7) = by ^7\ . Therefore, a = a{p) is the zero class. By Theorem A, 
p is homogeneous. 
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A Locally free actions on solvable manifolds 



In this appendix, we give a proof of the foUowing unpubHshed result. 

Theorem A.l (Ghys). Let M be a closed three-dimensional manifold whose 
fundamental group is solvable. Then, any C°° locally free action of GA on M 
preserves a continuous volume. In particular, it is homogeneous. 

Proof. Let p be a C°° locally free action of GA on M. We define a flow $ on M 
by = p{p,X*). By Theorem 11.51 it is Anosov. Let X be the vector field 

generating $ and TM = T$ © E-'"' ® be the Anosov sphtting of $. Plante 
[23] showed that any Anosov flow on a solvable three-dimensional manifolds is 
topologically equivalent to the suspension of a hyperbolic toral automorphism. 
Hence, Hi{M,M.) is one-dimensional, and there exists a smooth closed one-form 
Lo on M such that uj{X) is positive everywhere and uj represents a generator of 
Fi(M,R). 

For each p g Per(<i>) we denote the homology class represented by the orbit 
of p by Cp. By a classification of smooth foliations on the mapping torus of the 
hyperbolic toral automorphism [Kl, the orbit foliation of p is diffeomorphic to 
the suspension of a linear foliation of the torus. Hence, there exists A* < such 
that $) = A" • w(cp) for any p e Per(<i>). It implies 

Jip; a>) = J"(p; $) + rip; $) = r(p; + A^c^(cp). (38) 

Take A G M so that A • uj represents the class a{p). The same argument as in 
Subsection 13.31 implies that there exists a constant S < 1 such that 

J(p;$) = (5-r(p;$) + A-cj(cp) (39) 

for anyp e Per($). Put A* = (A-(5A")(l-(5)-^ By the equations ([55)1 and ([Ml) , 
we have J{p;^) = A* • uj{cp) for any p € Per(<I>). The C°°-Livschitz theorem 
implies that there exists a smooth volume v on TM such that 

logdet„£i$*(p) ^X., [ uj{X) o ^'{p)ds 
Jo 

for any P G M and i S M, where det„ is the determinant with respect to the 
volume V. By integrating the exponential of both sides on M, we obtain that 

' = ^ L lo '^^''^ ° "^^'^ 

Since uj{X) is positive everywhere, it implies that A* = 0. Therefore, $ preserves 
the volume v. □ 
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